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Problem 4.26

In Problem 4.4 you showed that

Y 1
2 (θ, ϕ) = −

√
15/8π sin θ cos θ eiϕ.

Apply the raising operator to find Y 2
2 (θ, ϕ). Use Equation 4.121 to get the normalization.

Solution

According to the result of Problem 4.21, applying the raising operator to a function gives

L+f
m
ℓ = Am

ℓ fm+1
ℓ

= ℏ
√
ℓ(ℓ+ 1)−m(m+ 1) fm+1

ℓ .

Apply the raising operator to Y 1
2 (θ, ϕ) to get Y 2

2 (θ, ϕ).

L+Y
1
2 (θ, ϕ) = ℏ

√
2(3)− 1(2)Y 2

2 (θ, ϕ)

= 2ℏY 2
2 (θ, ϕ)

Therefore,

Y 2
2 (θ, ϕ) =

1

2ℏ
L+Y

1
2 (θ, ϕ)

=
1

2ℏ

[
ℏeiϕ

(
∂

∂θ
+ i cot θ

∂

∂ϕ

)](
−
√

15

8π
sin θ cos θ eiϕ

)

= −eiϕ

2

√
15

8π

(
∂

∂θ
+ i cot θ

∂

∂ϕ

)
(sin θ cos θ eiϕ)

= −eiϕ

2

√
15

8π

[
∂

∂θ
(sin θ cos θ eiϕ) + i cot θ

∂

∂ϕ
(sin θ cos θ eiϕ)

]

= −eiϕ

2

√
15

8π

[
eiϕ

d

dθ
(sin θ cos θ) + i

(
cos θ

sin θ

)
sin θ cos θ

d

dϕ
(eiϕ)

]

= −eiϕ

2

√
15

8π

[
eiϕ(���

cos2 θ − sin2 θ) +�������
i cos2 θ (ieiϕ)

]

= −eiϕ

2

√
15

8π
(−eiϕ sin2 θ)

=

√
15

32π
sin2 θ e2iϕ.
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